We consider alignment-dependent spin and heat transport across a magnon spin valve in the tunneling regime, i.e., a junction consisting of two weakly-coupled ferromagnetic insulators. We determine the difference in spin and heat conductance between the parallel and antiparallel configuration of the magnetization direction. The dependence of these conductances on both the Gilbert damping and ellipticity is studied. We find that both magnon ellipticity and dissipation open channels for magnons to tunnel through in the antiparallel configuration. Our results highlight an important difference between electronic and magnon spin transport in spin-valve structures and may be important for the development of devices based on magnetic insulators. arXiv:1911.12017v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Spintronics based on spin-polarized charge currents has led to a boost in information storage technology with the discovery of giant magnetoresistance (GMR) in antiferromagnetically coupled Fe/Cr super-lattices 1,2 . GMR arises from the spin-dependent transmission of the conduction electron. Magnons, the quanta of collective excitations in magnetically ordered systems, can carry spin current in magnetic insulators in the absence of any charge current, e.g. in the spin Seebeck effect 3 where the magnons are driven by a thermal bias, or in non-local set-ups in which the magnons are biased electrically using the spin Hall effect in adjacent normal metals 4 . Magnon spin transport is promising, for example to improve the power efficiency of logic devices [5] [6] [7] and for neuromorhpic computing 8,9 . To find analogies of GMR in magnon spin transport, spin-valve structures that encompass magnetic insulators have recently been studied experimentally and theoretically [10] [11] [12] . Wu et al. have observed that the spin Seebeck effect of a heterostructure made of two ferromagnetic insulators, namely yttrium iron garnet (YIG), separated by a nonmagnetic heavy metal layer, depends on the relative orientation of the magnetizations of the two magnetic insulators 13 . The difference in spin Seebeck signal between parallel and antiparallel configurations is observed to decrease significantly as the temperature is lowered. In a recent theoretical work, a Green's function formalism for magnon tunneling driven by a temperature bias across a ferromagnetic junction has been developed and applied to compute the diode properties of the tunneling magnon current 14 . A key aspect of this study is the inclusion of magnon-magnon interactions that are exploited for the rectification and negative differential spin Seebeck effects. Furthermore, a tunable spin Seebeck diode based on a magnetic junction structure in which the tunneling spin current can be turned on and off by controlling the magnetization orientation has also been theoretically proposed 15 .
In this work, we study the alignment-dependence of magnon heat and spin transport across a heterostructure consisting of two ferromagnetic insulators that are weakly exchange-coupled, e.g. by a nonmagnetic spacer layer that mediates exchange interactions. The set-up we consider is illustrated in Fig. I . The ferromagnetic insulators act as reservoirs for magnons. The magnons can be coherently driven by ferromagnetic resonance, or incoherently generated with an electrical or thermal bias using adjacent normal metals 16 . We focus on the effect of the ellipticity of the magnetization precession, which is usually caused by anisotropies, and also on the effects of dissipation that we parameterize with a Gilbert damping constant. The latter is a phenomenological parameter that characterizes the decay of magnons. The ellipticity of precession has been shown to strongly affect the parametric excitation of magnons in ferromagnetic resonance experiments 17 , and plays a role in Rayleigh-Jeans condensation of pumped magnons in thin-film ferromagnets 18 . Moreover, at the quantummechanical level, the ellipticity leads to squeezed ground states and, in the case of antiferromagnets, entanglement between different sublattice magnons 19, 20 . Meanwhile, a low Gilbert damping has also been demonstrated to enable long-distance spin transport in magnetic insulators such as yttrium iron garnet 4 . Neither the influence of damping nor ellipticity has, however, been considered for magnon tunneling in the insulating spin valve structure considered here.
In our setup, magnons tunnel between the ferromagnets due to the weak exchange coupling and carry heat and spin currents in response to applied temperature or magnon chemical potential differences. For circularly polarized magnons, conservation of spin forbids magnon tunneling in the antiparallel configuration. We find that anisotropies and dissipation, both of which break spin conservation, lead to tunneling currents even in the antiparallel configuration. The difference between circu-FIG. 1. Illustration of a magnetic junction consisting of two ferromagnetic insulators, which interact with each other with weak exchange coupling U . The left (right) insulator has temperature TL(TR) and spin accumulation µL(µR). The layer in green is a non-magnetic insulator, and is thin enough for the magnons to tunnel across it. The left insulator is the fixed layer, with the red arrow denoting an up spin, while the right insulator is a free layer in which the magnetization can be tuned from a parallel configuration (denoted with the red arrow) to an anti-parallel configuration (denoted with the blue arrow). lar and elliptical case has no straightforward analogue in electronic spin valves, as in these latter systems the spin of the electrons at the Fermi level is usually approximately conserved, and tunneling current is determined by their spin-dependent density of states. Our result therefore shows that the difference between magnon currents in the parallel and antiparallel configuration is governed by different physics than for metallic structures, which may be useful in designing devices that exploit the tunability of the tunneling current.
The remainder of the paper is organized as follows: In Sec. II, we introduce the model that we use for our set-up. The magnon tunneling currents in presence of both precession ellipticity and Gilbert damping for both parallel and anti-parallel configurations are calculated in Sec. III. In Sec. IV, we numerically calculate the tunneling conductances and discuss their dependencies on the ellipticity and dissipation. Sec. V summarizes our main findings and conclusions. Lastly, the appendix outlines the derivation of the tunneling currents using rate equations.
II. MODEL HAMILTONIAN

A. Lead Hamiltonians
The magnetization dynamics in the bulk of each insulating lead is modeled by the Hamiltonian
where X = L/R denotes the Left/Right lead and i, j label the lattice sites. Here, J X,ij are nearest-neighbor exchange interactions with strength J X > 0, whereas K X,x and K X,y are anisotropy constants. Lastly, µ 0 H X are the magnetic fields in the bulk of the leads with gyromagnetic ratio γ X . The spin operators S X,i are bosonized via a Holstein-Primakoff transformation 21 . For B X > 0 we assume that the magnetic order parameter points in z direction, so that
where S X is the spin quantum number of the magnetic moments in lead X, and b X,i and b † X,i are the magnon annihilation and creation operators that satisfy the bosonic commutation relations [b X,i , b † X ,j ] = δ X,X δ i,j . Conversely, for B X < 0 we assume that the magnetic order parameter points in −z direction and apply the following Holstein-Primakoff transformation:
In the bulk of each lead, we may expand the magnon operators in a Fourier series as
where N X denotes the number of magnetic moments in the lead X. Then the spin Hamiltonian (1) becomes 
FIG. 2. Semiclassical depiction of a spin S that precesses elliptically around a magnetic field H. The solid blue line is the elliptical precession, whereas the dashed gray line corresponds to a circular precession. Because the length of the spin is conserved, its projection onto the direction of the magnetic field is not constant during the elliptical precession. Therefore this spin projection is no longer a good quantum number for elliptical magnons.
regardless of whether we assume H X > 0 or H X < 0 and employ the respective Holstein-Primakoff transfomation (2) or (3). In writing down Eq. (6a), we furthermore assumed that only long-wavelength magnons with a X |k| 1 are relevant, where a X is the lattice constant of lead X. The quadratic magnon Hamiltonian (5) is diagonalized via a Bogoliubov transformation:
where
The operators β X,k and β † X,k create and destroy Bogoliubov quasiparticles and obey the bosonic commutation relations [β X,k , β † X ,k ] = δ X,X δ k,k . Semiclassically, a Bogoliubov quasiparticle created by β † X,k corresponds to an elliptical spin wave; in contrast, a magnon created by b † X,k corresponds to a circular spin wave. The Bogoliubov quasiparticles are often also referred to as magnons, or as elliptical or squeezed magnons 19, 20 . For an elliptical spin wave, the z-component of the spin is not conserved and hence not a good quantum number, unlike for a circular spin wave. This is illustrated semiclassically in Fig. 2 . With the Bogoliubov transformation (7), the magnon Hamiltonian (5) becomes
Note that this Hamiltonian is only valid as long as the quasiparticle dispersion (9) is real, i.e., for γ X µ 0 |H X | > SK X,x , SK X,y . If this is not satisfied, our original assumption that the magnetic order points in ±z direction is not correct and we have to expand around a different ground state. However, for the remainder of this work we will assume that γ X µ 0 |H X | > SK X,x , SK X,y , so that the quasiparticle Hamiltonian (10) is stable.
B. Tunneling Hamiltonian
The tunneling between the leads is facilitated by a lead-lead exchange interaction of the form
where the exchange coupling U ij is assumed to be small compared to the bulk energy scales and only finite for i, j close to the interface. The microscopic origin of such an interaction could either be direct exchange mediated by the conduction electrons in the normal metal or an indirect superexchange interaction via the ions in the nonmagnetic spacer layer.
Parallel Configuration
In the parallel configuration, we take the form (2) for both leads. Then the tunneling Hamiltonian (11) becomes
where we dropped constants and higher order magnon corrections as before, as well as an on-site energy shift for the magnons in each lead. This is justified by our assumption that the lead-lead exchange is small compared to the bulk energy scales. After applying both Fourier and Bogoliubov transformations, Eqs. (4) and (7) respec-tively, we find
is the Fourier transform of the lead-lead exchange coupling.
Antiparallel Configuration
In the antiparallel configuration, we take the Holstein-Primakoff transformations (2) for the left and (3) for the right lead, yielding
within the same approximations as for the parallel configuration considered in the preceding Sec. II B 1. As before, we apply the Fourier and Bogoliubov transformations given, respectively, in Eqs. (4) and (7) to obtain
Note that from the comparison of the magnon tunneling Hamiltonian between the parallel and antiparallel case, Eq. (12) and Eq. (14), respectively, it is clear that these two situations differ qualitately. In the parallel case, one deals with a tunneling Hamiltonian that is also encountered in the electron transport, whereas in the antiparallel case, the tunneling corresponds to creation or destruction of a pair of circular magnons.
III. TUNNELING CURRENTS
The tunneling currents can be obtained from the rate equations for the distribution function of the Bogoliubov quasiparticles in each lead,
where f B (x) = 1/(e x − 1) is the Bose function, and the second equality holds in a steady state in which lead X is kept a temperature T X and chemical potential µ X . To allow for finite damping in each lead, we recast the steady state distribution function (16) as
Within the Gilbert damping phenomenology, we may then add dissipation by broadening the Dirac distributions according to
where α is the bulk Gilbert damping parameter.
Details of the derivation of the tunneling currents from kinetic equations for the quasiparticle distribution functions can be found in the Appendix; here we only state the results. Labeling the parallel/antiparallel configurations with Y = P/AP , we find the following expressions for the energy current
and the spin current
flowing from the left to the right lead. Here, D P/AP E/S ( ) are the normal tunneling densities of state, explicitly given by
in the parallel configuration, and
in the antiparallel configuration. Note that their contributions to currents (19) and (20) vanishes if both leads are at the same temperature and chemical potential. On the other hand,D P/AP E/S ( ) are anomalous tunneling densities of state that arise because the Gilbert damping breaks the number conservation of the Bogoliubov quasiparticles. Hence, it gives rise to a spin current even when both leads are at the same temperature and chemical potential; it vanishes only if both leads are in true thermal equilibrium at the same temperature and vanishing chemical potential. These anomalous tunneling densities of state arẽ
in the antiparallel configuration. It is instructive to consider the limit of conserved quasiparticles (α = 0 + ) as well as the limit of circular magnons in more detail. If there is no dissipation, the anomalous contributions to the currents vanish because energy conservation strictly demands E L,k + E R,k = 0, which can never be satisfied since both of these energies are positive. Finite damping softens this restriction by allowing energy (and spin) transfer to a thermal bath, thereby opening up another channel for energy and spin transfer between the leads. In the limit of circular magnons, i.e., when there are no anisotropies that break rotation symmetry around the z-direction, we may set u X,k = 1 and v X,k = 0, see Eqs. are simultaneously destroyed or created. As this process violates energy conservation, it is only possible in the presence of dissipation. Therefore there are no energy and spin currents in the antiparallel configuration without either damping (enabling pair creation/annihilation processes) or breaking of spin conservation (enabling normal hopping). This is further illustrated in Fig. 3 .
A. Tunneling Conductances
If the biasing is sufficiently small, i.e., ∆T = T L −T R T , where T = 1 2 (T L + T R ) is the average temperature, and µ L/R E L/R,k=0 , we may linearize the Bose functions appearing in the currents (19) and (20) , yielding
Here,
is the spin Seebeck conductance,
is the spin Peltier conductance, and
is the spin conductance. Lastly,
are the additional energy and spin loss or gain terms arising because the finite damping breaks the number conservation of Bogoliubov quasiparticles. Since they do not vanish when both leads are mutually equilibrated, these terms are not part of the transport current and should rather be identified with the spin and energy lost to or gained from the thermal bath that provides the dissipation, which is ultimately the crystal lattice. Because the total angular momentum of spins and lattice is conserved, this additional spin transfer should be experimentally detectable as torques on the whole sample. Note also that the spin Seebeck and Peltier conductances, Eqs. (27b) and (27c) respectively, are not Onsager reciprocals of each other, Π Y = T L Y . There are two independent reasons for this: the breaking of timereversal symmetry by the dissipation, and the breaking of spin conservation by the anisotropies. While the former opens up an new channel for bath-assisted energy transfer, namely the pair creation/annihilation processes contained inD Y E/S ( ), the latter allows for changes in spin without accompanying changes in energy, resulting
IV. NUMERICAL RESULTS AND DISCUSSION
In realistic systems, the interfaces between layers of different materials are usually rough. Such rough interfaces break the momentum conservation of incident particles, effectively randomizing the momenta of the scattered particles. Therefore we approximate the interface coupling as U k,k ≈ U = const. Furthermore, we work in the thermodynamic limit where 1 Fig. 4(a) , all conductances depend only weakly on the magnitude of the anisotropy. With the exception of the dissipation-assisted spin conductance γ P S , they decrease for hard-axis (K y < 0) and increase for easy-plane (K y > 0) anisotropy. This can be attributed to the magnon gap increasing or decreasing respectively, which increases or decreases the overall magnon population. The strong increase and eventual divergence of the spin conductance for K y → γµ 0 H signifies the divergence of the Bose distribution for vanishing spin-wave gap, and is a precursor to the magnetic reorganization transition in which the magnetization tilts into the anisotropy plane. The additional dissipation-assisted spin conductance γ P S mirrors this behavior, but also increases for hard-axis anisotropies, in contrast to all other conductances. The reason for this is that it is an off-resonance process that is less sensitive to the exact value of the gap than the resonant ones, whereas its magnitude is determined by the strength of the anisotropies. Because of this, it is also three to four orders of magnitude smaller than the other conductances. Also, note that the breaking of the Onsager reciprocity of spin Seebeck and Peltier conductances by the spin-wave ellipticity and the Gilbert damping is negligible in the parallel configuration.
In the antiparallel configuration displayed in Fig. 4(b) on the other hand, the anisotropy dependence of the conductances is more pronounced. In agreement with the discussion in Sec. III, spin and spin Peltier conductances are in this case both zero if there is no anisotropy. However, chemical-potential driven spin transfer is still possible in this case because the dissipation-assisted spin conductance γ AP S is finite for K y = 0. Apart from γ AP S which decreases for K y < 0, all conductances increase away from K y = 0, although they stay small compared to the conductances in the parallel configuration shown in Fig. 4 . Note that as the spin-wave gap closes, the spin conductance diverges and the breaking of Onsager reciprocity becoming visible.
To quantify the effect of Gilbert damping and spinwave ellipticity on the magnon spin valve, we introduce magneto-thermal conductance (MTC), magnetospin conductance (MSC), magneto-Seebeck conductance (MLC), and magneto-Peltier conductance (MPC) ratios as follows:
In the absence of dissipation and spin-wave ellipticity there are no currents in the antiparallel configuration, hence these ratios reduce to 1. Their deviation from 1 thus measures the magnitude of dissipation and spinwave ellipticity effects on the magnon spin valve. The additional energy and spin currents γ P/AP E and γ P/AP S are included in the ratios (28) because they affect the conductance ratios that will be measured in an experiment, even though they originate from the lattice and not from the magnons in the other lead. As shown in Fig. 5(a) , the in-plane anisotropy affects the MTC ratio only negligibly. In the presence of large Gilbert damping on the other hand, the MTC ratio can deviate from 1 by up to 10%. Responsible for this decrease are the dissipation-assisted pair creation and annihilation processes that enable energy transfer in the antiparallel configuration even when there is no spinwave ellipticity. The MSC ratio, displayed in Fig. 5(b) , behaves similarly for for most values of the anisotropy; when the magnon gap closes for K y → γµ 0 H however, it rapidly decreases because of the divergence of the spin conductance.
The magneto-Seebeck and Peltier conductance ratios, shown in Figs. 5(c) and (d) respectively, display an opposite behavior: they are sensitive to the anisotropy, but only slightly affected by the Gilbert damping. They show a decrease of the order of 1% when the magnon gap closes for K y → γµ 0 H, and also decrease, albeit more slowly, for increasing hard axis anisotropy; this reflects the increasing strength of the spin-conservation breaking in both cases. Unlike the MTC and MSC ratios, the MLC and MPC ratios are actually increased by the Gilbert damping for larger values of the anisotropy. Note also that the Seebeck and Peltier ratios are both qualitatively and quantitatively almost identical; the breaking of the Onsager reciprocity is only apparent in the stronger decrease of the MLC ratio for K y → γµ 0 H.
V. CONCLUSIONS
We have studied the tunneling current in a magnon spin valve device. By applying the Holstein-Primakoff transformation to the Heisenberg Hamiltonian, we derived the magnon Hamiltonian, in which transverse anisotropies introduce ellipticity of the magnons. We have also added Gilbert damping to the magnon spectral function to study the effects of dissipation on the magnon tunneling. Both precession ellipticity and Gilbert damping are found to open new, Onsager-reciprocity breaking channels for heat and spin transport across the junction, resulting in finite currents even when the magnetizations of both leads are aligned antiparallel. We have not only found that dissipation and spin-wave ellipticity decrease the spin and heat conductance ratios, but have also revealed a clear difference in the sensitivity of heat and spin currents to these two quantities. We hope that our results provide useful guidance for the design and understanding of magnon spin valve devices.
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APPENDIX: DERIVATION OF THE TUNNELING CURRENTS
In this Appendix, we outline the derivation of the tunneling currents given in Sec. III. The total energy current from the left to the right lead is given by
whereas the spin current from left to right lead is
in the paralllel configuration, or
in the antiparallel configuration. Using Fermi's golden rule 23 , we find the following kinetic equations for the quasiparticle distribution functions in the parallel configuration: 
